Abstract. This paper addresses the quasi-isometry classification of locally compact groups, with an emphasis on amenable hyperbolic locally compact groups. This encompasses the problem of quasi-isometry classification of homogeneous negatively curved manifolds. We state several conjectures; one classifying homogeneous negatively curved manifolds up to quasi-isometry, one claiming that a homogeneous negatively curved manifold quasi-isometric to a homogenous graph of finite valency has to be quasi-isometric to a rank 1 symmetric space. In the course of the paper, we provide statements of quasi-isometric rigidity for general symmetric spaces of non-compact type and also discuss accessibility issues in the realm of compactly generated locally compact groups.
1.A. Synopsis. It has been well understood in harmonic analysis that locally compact groups are the natural setting unifying the setting of connected Lie groups and discrete groups. In the context of geometric group theory, this point of view is still far from universal. For a long period, notably in the 70s, this point of view was used essentially by Herbert Abels, and, more ponctually, some other people including Behr, Guivarc'h, Houghton. The considerable influence of Gromov's work paradoxically favored the bipolar point of view discrete vs continuous, although Gromov's ideas were applicable to the setting of locally compact groups and were sometimes stated (especially in [Gr87] ) in an even greater generality.
This paper is concerned with the quasi-isometric classification of amenable hyperbolic locally compact groups. While for discrete groups this problem is not interesting (as the answer is that it falls into two classes, finite groups and infinite virtually cyclic groups), in the locally compact setting it is still an open problem, including many interesting issues and a lot of nontrivial known results that are generally not properly stated. The main discussion is in §5.A.
Part of this paper (esp. Sections 3 and 4) appears as a kind of survey of important results unjustly not previously stated in the literature but whose proof gathers various ingredients from existing work along with minor additional features.
Section 5.A contains two fundamental conjectures concerning the quasi-isometric classification of homogeneous negatively curved manifolds, Conjecture 5.A.8 and Conjecture 5.B.5; they are not, at the moment, as well-known as they deserve. The reduction from the general conjectures to more specific ones makes use of the previous sections as well as the main results of [CCMT] .
1.B. From negatively curved Lie groups to focal hyperbolic groups. In 1974, in answer to a question of Milnor, Heintze [He74] characterized the connected Lie groups of dimension at least 2 admitting a left-invariant Riemannian metric of negative curvature as those of the form G = N R where R acts on N as a one-parameter group of contractions; the group N is necessarily a simply connected nilpotent Lie group; such a group G is called a Heintze group. He also showed that any negatively curved connected Riemannian manifold with a transitive isometry group admits a simply transitive isometry group; the latter is necessarily a Heintze group (if the dimension is at least 2). The action of a Heintze group G = N R on the sphere at infinity ∂G has exactly two orbits: a certain distinguished point ω and the complement ∂G {ω}, on which the action of N is simply transitive. This sphere admits a visual metric, which depends on several choices and is not canonical; however its quasi-symmetric type is well-defined and preserved under quasi-isometries. The study of quasi-symmetric transformations of this sphere was used by Tukia, Pansu and R. Chow [Tu86, Pa89m, Ch96] to prove the quasi-isometric rigidity of the rank one symmetric spaces of dimension at least 3. Pansu also initiated such a study for others Heintze groups [Pa89m, Pa89d] .
On the other hand, hyperbolic groups were introduced by Gromov [Gr87] in 1987. The setting was very general, but for many reasons their study was especially focused on discrete groups with a word metric. In particular, amenability was untimely considered as essentially incompatible with hyperbolicity, while this is not true in the locally compact setting, since there is a wide variety of amenable hyperbolic locally compact groups, whose quasi-isometry classification is open at the moment. The purpose of this note is to describe the state of the art as regards this problem.
In 2005, I asked Pierre Pansu whether there was a known characterization of (Gromov-) hyperbolic connected Lie groups, and he answered me that the answer could be obtained from his estimates [Pa07] (which was extracted from an unpublished manuscript going back to 1995) combined with a vanishing result later obtained by Tessera [Te09] ; an algebraic characterization of hyperbolic groups among connected Lie groups was finally given in [CT11] , namely such groups are either compact, Heintze-by-compact, or compact-by-(simple of rank one). This approach consisting in proving, using structural results of connected Lie groups, that any connected Lie group not of this form cannot be hyperbolic.
In [CCMT] , using a more global approach, namely by studying the class of focal hyperbolic groups, this was extended to a general characterization of all amenable locally compact groups admitting a cocompact closed amenable subgroup (every connected locally compact group admits such a subgroup). Namely The cases of (c) and (d) are the non-elementary cases. It should be noted that the case of (c) is considerably more general than the case of (d), since any group as in (d) admits a closed cocompact subgroup of the form in (c), namely the stabilizer of a boundary point, while a group as in (c) is generally not quasi-isometric to any group as in (d), and more generally is not quasi-isometric to any non-amenable compactly generated locally compact group, see the discussion in Section 5.B. This is actually a source of difficulty in the quasi-isometry classification: namely those groups in (c) that embed cocompactly in a non-amenable groups bear "hidden symmetries"; see Conjecture 5.B.9 and the subsequent discussion.
Theorem 1.1 ([CCMT]). Let G be a compactly generated hyperbolic locally compact group with a cocompact closed amenable subgroup. Then exactly one of the following holds (a) G is compact; (b) G admits Z as a cocompact lattice; equivalently G has a maximal compact normal subgroup W and G/W is isomorphic to a closed cocompact subgroup of isometries of R (and thus is isomorphic to one of the 4 groups
Here is an outline of the sequel.
• Section 2 contains some preliminary material, especially from [CCMT] .
• In Section 3, we give the quasi-isometric rigidity statements for symmetric spaces of non-compact type in the locally compact setting. These results are due to Kleiner-Leeb, Tukia, Pansu and R. Chow, Casson-Jungreis and Gabai.
• In Section 4, we give the quasi-isometric rigidity statements for trees in the locally compact setting, emphasizing on the notion of accessibility (in its group-theoretic and its graph-theoretic versions). These results are due to Stallings, Dunwoody, Abels, Thomassen-Woess, and Krön-Möller.
• The core of this paper is Section 5. We give some conjectural statements giving a general picture of the quasi-isometry classification of hyperbolic amenable locally compact groups. We survey the various known results towards this conjecture, on the one hand those following from the previous sections (regarding rank one symmetric spaces and trees), and on the other hand those concerning other focal hyperbolic locally compact groups, which essentially boil down to the quasi-isometry classification of negatively curved homogeneous manifolds. The main results in this directions are due to Pansu and recent progress has been made by X. Xie.
Preliminaries
We freely use the shorthand LC-group for locally compact group, and CGLCgroup for compactly generated LC-group. 
A quasi-isometry f : X → Y is a large-scale Lipschitz map such that there exists a large-scale Lipschitz map f : Y → X such that f • f ∼ id Y and f • f id X ; the map f is called an inverse quasi-isometry to f ; it is unique modulo ∼.
A large-scale Lipschitz map X → Y is coarsely proper if, using the convention
Every CGLC-group G can be endowed with the left-invariant distance defined by the word length with respect to a compact generating subset. Given two such distances, the identity map is a quasi-isometry, and therefore the notion of largescale Lipschitz map, quasi-isometries, etc. from or into G are independent of the choice of a compact generating set. Let us emphasize that being amenable is not a quasi-isometry invariant, in view of the inclusion R R ⊂ SL 2 (R). The problem of which amenable CGLC-groups are quasi-isometric to non-amenable ones is a very interesting one, it will be addressed in the context of hyperbolic LC-groups in §5.B.
2.B.
Types of hyperbolic groups. Gromov [Gr87] splits isometric group actions on hyperbolic spaces into 5 types: bounded, horocyclic, lineal, focal, and general type, see [CCMT, §3] , from which we borrow the terminology. When specifying this to a the action of a CGLC-group G on itself (or any continuous proper cocompact isometric action of G) we get the four types, the first 2 of which are called elementary and the last 2 are called non-elementary:
• ∂G is empty, G is compact;
• ∂G has 2 elements, G admits Z as a cocompact lattice (see Corollary 4.D.2 for more characterization) • ∂G is uncountable and has a G-fixed point: G is called a focal hyperbolic group; • ∂G is uncountable and the G-action is minimal: G is called a hyperbolic group of general type. Among hyperbolic LC-groups, focal groups can be characterized as those that are amenable and non-unimodular, and general type groups can be characterized as those that are not amenable. Those general type groups referred to in Theorem 1.1 are the exception among general type hyperbolic groups, insofar as most general type groups (e.g. discrete non-elementary hyperbolic groups) have no amenable cocompact subgroup.
Focal hyperbolic groups soon disappeared from the literature after [Gr87] , because the focus was made on proper discrete groups, for which the applications were the most striking. Except in the connected or totally disconnected case (and with another point of view), they reappear in [CT11] , before they were given a structural characterization in [CCMT] .
2.C. Millefeuille spaces and amenable hyperbolic groups. We here recall the definition of millefeuille spaces, which will be used in the proof of Proposition 5.B.7.
Given a metric space X, define a Busemann function as a limit, uniform on bounded subsets, of functions of the form x → d(x, x 0 ) + c 0 for x 0 ∈ X and c 0 ∈ R. By Busemann metric space, we mean a metric space (X, b) endowed with a Busemann function; a shift-isometry of (X, b) is an isometry f of X preserving b up to adding constants, i.e. such that
Busemann metric space means a Busemann metric space with a transitive group of shift-isometries.
Let (X, b) be a complete CAT(κ) Busemann space (−∞ ≤ κ ≤ 0). For k a non-negative integer, let T k be a (k + 1)-regular tree (identified with its 1-skeleton), endowed with a Busemann function denoted by b (taking integer values on vertices). Note that the Busemann space (T k , b ) is unique up to combinatorial shift-isometry. The millefeuille space X [b, k] , introduced in [CCMT, §7] , is by definition the topological space
where V is a vertical geodesic. In [CCMT, §7] , it is observed that there is a canonical geodesic distance, defining the topology, and such that in restriction to any vertical leaf, the canonical projection to X is an isometry. Moreover X [b, k] is CAT(κ), and is naturally a Busemann space, the Busemann function mapping (
We have the following elementary well-known lemma (Note that if X is not homeomorphic to the circle, the assumption "simply connected" is redundant, keeping in mind that Riemannian manifolds are implicitly assumed connected.)
Proof. We use that G = Isom(X) is hyperbolic and the action of G on X is conjugate to the left action of G on itself. If G is amenable, it is focal hyperbolic and thus fixes a unique point ω X on the boundary and G is transitive on X {ω X } (see for instance [CCMT, Proposition 5.5(iii)]), thus {ω X } is the unique closed G-orbit.
Otherwise, it is hyperbolic of general type and virtually connected, and thus, by a simple argument (see [CCMT, Proposition 5 .10]), is isomorphic to an open subgroup in Isom(Y ) for some rank 1 symmetric space Y of non-compact type. Let K ⊂ G be the stabilizer in G of one point x 0 ∈ X, by transitivity we have X G/K as G-spaces. Since X is CAT(-1) (up to homothety) and complete, K is a maximal compact subgroup of G. Thus K is also the stabilizer of one point in Y , and the identifications X G/K Y then exchange G-invariant Riemannian metrics on X and those on Y . Since on Y , G-invariant Riemannian metrics are unique up to scalar multiplication and are symmetric, this is also true on X. So X is symmetric and in particular Isom(X) is transitive on ∂X. 
Proof. Let ω and ω be the distinguished points associated to b and b . Since all distinguished points are in the same Isom(X)-orbit, we can push b forward by a suitable isometry and assume ω = ω. Since the stabilizer in Isom(X) of ω is transitive on X, it is transitive on the set of Busemann functions attached to ω. Thus there exists f as required.
Lemma 2.C.3 allows to rather write X [k] with no reference to any Busemann function, whenever X is a homogeneous simply connected negatively curved Riemannian manifold.
The relevance of these spaces is due to the following theorem from [ 
where C is a Cantor space.
In particular, its topological dimension is d − 1.
Note the well-known particular cases:
is a tree and ∂X[k] is homeomorphic to a Cantor space. . Except at the singular point, it is locally modeled on the product of a dyadic Cantor space and a line.
• 
with H a purely real Heintze group. Then H 3 also admits a continuous proper transitive isometric action on a simply connected negatively curved manifold Y , on which both G (through its homomorphism into Isom(X)) and H act, the action of H being simply transitive.
We say that a class C of locally compact groups is CCK-closed (Commensurable up to Compact Kernels) if for every continuous proper homomorphism G → H with cocompact image between LC-groups, we have G ∈ C if and only if H ∈ C. It means it is invariant under cocompact closed inclusions and quotients by compact kernels. Note that the class of CGLC groups is CCK-closed. Using Theorem 1.1, we obtain the following result. Proof. Suppose we have a continuous proper homomorphism G → H with cocompact image. We have to show that G ∈ C if and only H ∈ C. Note that the class of focal hyperbolic groups of connected type is obviously CCK-closed within the class of focal hyperbolic groups, so the only thing to check is that G is focal if and only H is focal.
That H focal implies G focal is obvious. Conversely, assume G focal. If by contradiction H is of general type, then by Theorem 1.1(d), it is quasi-isometric to some rank 1 symmetric space of noncompact type (which is excluded) or to a tree, which is also excluded since the boundary of H is a positive-dimensional sphere.
A stronger result would be that the class C ns foc be closed under quasi-isometries; this is the main conjecture discussed in §5.B, see Remark 5.B.8.
2.E.2. Focal hyperbolic groups of totally disconnected type.
Similarly we say that a focal hyperbolic group is of totally disconnected type if its identity component is compact. From [CCMT, Theorem 7 .3] we can also extract the following proposition.
Proposition 2.E.4. Let G be a focal hyperbolic LC-group. Equivalences:
• G is of totally disconnected type;
• the kernel of its modular function has a compact identity component;
• it admits a continuous, proper cocompact isometric action on a regular tree of finite valency greater than 2. • it is isomorphic to a strictly ascending HNN-extension over a compact group endowed with an injective continuous endomorphism with open image.
Note that all focal hyperbolic LC-groups of totally disconnected type are in the same CCK class (as defined before Proposition 2.E.3), using that the isometry group of a regular tree contains a cocompact lattice isomorphic to the free group of rank 1 + d! for all d large enough. An analogue of Proposition 2.E.3 is true for the whole class of focal hyperbolic groups of mixed type, with a similar proof; however we do not state it as a stronger result will be proved without much more effort in Proposition 5.B.3, see Remark 5.B.4.
As far as I know, it seems that focal groups of mixed type were not considered before [CT11] . (ii) the action of R on N i /N i+1 is scalar for all i; (iii) there is a linear decomposition of the Lie algebra n = ∞ j=1 v j such that, for some λ ∈ R {0} the action of every t ∈ R on v j is given by multiplication by exp(jλt) for all j ≥ 1 and such that j≥i v j = n i .
We need to justify the equivalence between the definition. The trivial implications are (iii)⇒(iii)⇒(i). To get (ii) from (i), observe that as an module (for the action of the one-parameter subgroup), n i /n i+1 is a quotient of (n/[n, n]) ⊗i , so if the action on n/[n, n] then so is the action on n i /n i+1 . To get (iii) from (ii), use a characteristic decomposition of the action of the one-parameter subgroup.
Remark 2.F.2. If a purely real Heintze group G = N R is of Carnot type then N is a Carnot gradable
1 nilpotent group, in the sense that its Lie algebra admits a Carnot grading, i.e. a Lie algebra grading n = i≥1 v i such that n j = i≥j v i for all j. Conversely if N is Carnot gradable, then up to isomorphism it defines a unique purely real Heintze group of Carnot type Carn(N ). This is because a simply connected nilpotent Lie group N is gradable if and only if its Lie algebra n is isomorphic to the graded Lie algebra grad(n) defined as i≥1 n i /n i+1 (where the bracket is uniquely defined by factoring the usual bracket n i × n j → n i+j ), so that if n is Carnot gradable then any two Carnot gradings define the same graded Lie algebra up to graded isomorphism.
2.G. Boundary. Let X be a proper geodesic hyperbolic space and ∂X its boundary. Then X = X ∪ ∂X has natural compact topology, for which X is open and dense.
If X and Y are proper geodesic hyperbolic spaces, every quasi-isometry f : X → Y has a unique extensionf : X → Y that is continuous on ∂X. This extensionf maps ∂X into ∂Y and is functorial; moreoverf =ḡ if f and g are at bounded distance; in particularf induces a homeomorphism ∂X → ∂Y whose inverse isḡ, where g is any inverse quasi-isometry for f .
The boundary carries a so-called visual metric. For such metrics, the homeomorphismf above is quasi-symmetric in the sense that there exists an increasing function
3. Quasi-isometry rigidity of symmetric spaces 3.A. The QI-rigidity statement. The general QI-rigidity statement for symmetric spaces of noncompact type is the following. On a Riemannian symmetric space of noncompact type, the metric is well-defined up to rescaling of the factors. We call the metric regular if all homothetic factors are isometric; this can always be ensured by a suitable rescaling (for instance, requiring that the infimum of the sectional curvature on each factor is −1). This statement is mostly known in a weaker form, where G is assumed to be discrete and sometimes in an even much weaker form, where one allows to pass to a finite index subgroup. Still, it is, modulo a continuity part of the following stronger result concerning arbitrary cocompact large-scale quasi-actions on X of arbitrary groups (with no properness assumption) which, up to a minor continuity issue, is due to Kleiner and Leeb.
Before going into the proof, let us indicate some corollaries of Theorem 3.A.1. They illustrate the interest of having a statement for CGLC-groups instead of only finitely generated groups. Proof. The argument is similar to that of Corollary 3.A.2; hereH will be the identity component of the isometry group of M . This proves the first statement.
Fix a point m 0 ∈ M and let K be its stabilizer inH. Then K is a compact subgroup. The image of K in H fixes a point x 0 in X. So the homomorphism H → Isom(X) induces a continuous map j : M =H/K → X mapping m 0 to x 0 . Since H is connected and closed cocompact, its action on X is transitive; it follows that j is surjective.
Under the additional assumption, let us check that j is injective; by homogeneity, we have to check that j −1 ({x 0 }) = {m 0 }. This amounts to check that if g ∈H fixes x 0 then it fixes m 0 . Indeed, the stabilizer of x 0 inH is a compact subgroup containing K; since M is contractible, K is maximal compact (see [An11] ) and this implies the result. Necessarily W = 1, because it fixes a point on X and being normal it fixes all points, so also acts trivially on M ; sinceH acts by definition faithfully on M it follows that W = 1. 
then 1 belongs to the closure of C g . Hence V g ∩ C g = ∅, so if we pick γ in the intersection we get
Since the action is locally bounded, ϕ(Ω G ) is bounded. This shows that for a given
is bounded independently of g. Since G acts coboundedly, this shows that w has bounded displacement, so w = 1. Since W is locally compact, this implies that ϕ is continuous at 1 and hence is continuous.
We need to deduce Theorem 3.A.1 from Theorem [KL09, Theorem 1.5]. For this we need to introduce all the terminology of quasi-actions. We define a quasi-action as an arbitrary map G → X X . If x ∈ X, let i x : G → X be the orbital map g → gx. If G is a group and X a metric space, a uniformly large-scale lipschitz (ULSL) quasi-action of G on X is a map ρ : G → X X , such that for some (µ, α) ∈ R >0 × R, every map ρ(g), for g ∈ G is a (µ, α)-Lipschitz map (in the sense defined in §2.A.1), and satisfying ρ(1)
Note that for a ULSL quasi-action, all i x are pairwise ∼-equivalent.
The quasi-action is cobounded if the map i x has a cobounded image for every x ∈ X. If G is a locally compact group, a quasi-action is locally bounded if i x maps compact subsets to bounded subsets for all x (if G is discrete this is an empty condition). The quasi-action is coarsely proper if for all x ∈ X, inverse images of bounded subsets by i x have compact closure.
Given quasi-actions ρ and ρ of G on X and X , a map q :
The ULSL quasi-actions are quasi-isometrically quasi-conjugate if there is a quasiequivariant quasi-isometry X → X ; this is an equivalence relation. Proof. We begin by the easier (a). Let s : X → Y be a quasi-isometry inverse to q and define a quasi-action of
; it is straightforward that this is a ULSL quasi-action and that q is a quasi-isometric quasi-conjugacy. For (b), first, let Y ⊂ X be a maximal subset for the property that the ρ(G)y, for y ∈ Y , are pairwise disjoint. Let us show that ρ(G)Y is cobounded in X. Indeed, denoting, by abuse of notation a ≈ b if |a − b| is bounded by a constant depending only on the ULSL constants of ρ, if x ∈ X by maximality there exists y ∈ Y 0 and
Consider the cartesian product G × Y , whose elements we denote by g y rather than (g, y) for the sake of readability. Define a pseudo metric on G × Y by
We already know it has a cobounded image. We have obviously
and conversely, writing a b if a ≤ Cb + C where C > 0 is a constant depending only of the ULSL constants of ρ
This shows that j is a large-scale bilipschitz embedding. Thus is it a quasi-isometry. It is also quasi-equivariant, as
So we obtain the conclusion, except that we have a pseudo-metric; if we identify points in G × Y at distance zero, the map j factors through the quotient space, as follows from (3.1) and thus we are done. To get the theorem, we need a few improvements. First, we want the quasiisometry to be equivariant (instead of quasi-equivariant). Starting from q as above, we proceed as follows. Fix a bounded set Y 0 ⊂ Y containing one point in each G-orbit. For y 0 ∈ Y 0 , let G y 0 be its stabilizer. Since G y 0 {y 0 } = {y 0 } and q is quasi-equivariant, we see that G y 0 {q(y 0 )} has its diameter bounded by a constant C depending only on q (and not on y 0 ). By the centre lemma, G y 0 fixes a point at distance at most C of q(y 0 ), which we define as q (y 0 ). For y ∈ Y arbitrary, we pick g and y 0 ∈ Y 0 (y 0 is uniquely determined) such that gy 0 = y and define q (y) = gq (y 0 ). By the stabilizer hypothesis, this does not depend on the choice of g, and we see that q is at bounded distance from q. So q is a quasi-isometry as well, and by construction is G-equivariant.
Now assume that G is locally compact. Applying the previous result to G endowed with the discrete topology, we get all the non-topological conclusions. Now from the additional hypothesis that the action is locally bounded, we obtain that the action on X is locally bounded. We then invoke Proposition 3.B.2, using that X has no non-trivial bounded displacement isometry, to obtain that the G-action on X is continuous. It is clear that the action on X is cobounded, and that if ρ is metrically proper then the action on X is proper. The synthesis for arbitrary symmetric spaces is due to Kleiner-Leeb [KL09] , where they insightfully consider actions of arbitrary groups, not considering any topology but with no properness assumption. This generality is essential because when considering a proper cocompact locally bounded action of a non-discrete LC-group, when viewing it as an action of the underlying discrete group, we lose the properness. Proof (first part). Let us mention that the equivalence between (iii) and (iv) is just Bass-Serre theory. Besides, the trivial implications are (iii)⇒(i)⇒(ii). Let us show (i)⇒(ii); let G be compactly generated and let f : T → G be a quasi-isometry from a tree T (viewed as its set of vertices). We can pick a metric lattice J inside G and assume that f is valued in J; the metric space J has finite balls of cardinality bounded by a constant depending only on their radius. We can modify f to ensure that f −1 ({j}) is convex for every j ∈ J. Since f is a quasiisometry the convex subsets f −1 ({j}) have uniformly bounded radius. We define a tree T by collapsing each convex subset f −1 ({j}). The collapsing map T → T is a 1-Lipschitz quasi-isometry and thus f factors through an injective quasi-isometry T → G. It follows that T has balls of cardinal bounded in terms of the radius; this implies in particular that T has finite (indeed bounded) valency.
We postpone the proof of (ii)⇒(iv), which is the deep part of the theorem.
4.B.
Reminder on the space of ends. Recall that the set of ends of a geodesic metric space X is the projective limit of π 0 (X − B), where B ranges over bounded subsets of X 1 and π 0 denotes the set of connected components. Each π 0 (X −B) being endowed with the discrete topology, the set of ends is endowed with the projective limit topology and thus is called the space of ends E(X). If X, Y are geodesic metric spaces, any large-scale Lipschitz, coarsely proper map X → Y canonically defines a continuous map E(X) → E(Y ). Two maps at bounded distance induce the same map. This construction is functorial. In particular, it maps quasi-isometries to homeomorphisms.
If G is a locally compact group generated by a compact subset S, the set of ends [Sp50, Ho74] of G is by definition the set of ends of the 1-skeleton of its Cayley graph with respect to S. It is compact. Since the identity map (G, S 1 ) to (G, S 2 ) is a quasi-isometry, the space of ends is canonically independent of the choice of S and is functorial with respect to continuous proper group homomorphisms.
In the case when G is hyperbolic, it is not hard to prove that the space of ends is canonically homeomorphic to the space π 0 (∂G) of connected components of the visual boundary. Let us also mention, even if it will be not be used here, the following theorem of Abels [Ab77] : if a compactly generated LC-group has at least 3 ends, the action of G on E(G) is minimal (i.e., all orbits are dense) unless G is focal of totally disconnected type (in the sense of §2.E.2).
4.C. Metric accessibility.
Definition 4.C.1 (Thomassen, Woess [TW93] ). Let X be a bounded valency connected graph. Say that X is accessible if there exists m such that for every two distinct ends of X, there exists a m-element subset of the 1-skeleton X that separates the two ends, i.e. so that the two ends lie in different components of the complement.
Accessibility is a quasi-isometry invariant of connected graphs of bounded valency. Although not needed in view of Theorem 4.A.1, we introduce the following definition, which is more metric in nature.
Definition 4.C.2. Let X be a geodesic metric space. Let us say that X is diameteraccessible if there exists m such that for every two distinct ends of X, there exists a subset of X of diameter at most m that separates the two ends. This is obviously a quasi-isometric invariant property among geodesic metric spaces. Obviously for a bounded valency connected graph, diameter-accessibility implies accessibility. The reader can construct, as an exercise, a connected planar graph of valency ≤ 3 that is accessible (with m = 2) but not-diameter accessible.
Theorem 4.C.3 (Dunwoody) . Let X be a connected, locally finite simplicial 2-complex with a cocompact isometry group. Assume that H 1 (X, Z/2Z) = 0 (e.g., X is simply connected). Then X is diameter-accessible.
On the proof. This statement is not explicit, but is the contents of the proof of [Du85] (it is quoted in [MSW03, Theorem 15] is a closer way). This proof consists in finding, denoting by G = Isom(X), an equivariant family (C i ) i∈I , indexed by a discrete G-set I with finitely many G-orbits, of pairwise disjoint compact subsets of X homeomorphic to graphs and each separating X (each X C i is not connected), called tracks, so that each component of X C i has the property that its stabilizer in G acts coboundedly on it, and is (at most 1)-ended. Thus any two ends of X are separated by one of these components, which have uniformly bounded diameter.
4.D. The locally compact version of the splitting theorem.
The following theorem is the locally compact version of Stallings' theorem; it was proved by Abels.
Theorem 4.D.1 (Stallings, Abels). Let G be a compactly generated, locally compact group. Then G has at least two ends if and only if splits as a non-trivial HNNextension or amalgam over a compact open subgroup, unless G is 2-ended and is compact-by-R or compact-by-Isom(R).
This yields the following corollary, which we state for reference in the sequel. The characterization (iv) of 2-ended groups is contained in Houghton [Ho74, Theorem 3.7]; the stronger characterization (v) is due to Abels [Ab74, Satz B]; the stronger versions (vi) or (vii) can be deduced directly without difficulty; they are written in [CCMT, Proposition 5.6]. the only case where this manifold has at least two ends is when it is one-dimensional, hence isometric to R, whence the conclusion.
Corollary 4.D.2. Let G be a compactly generated, locally compact group. Equivalences: (i) G has exactly 2 ends; (ii) G is hyperbolic and #∂G = 2; (iii) G is quasi-isometric to Z; (iv) G has a discrete cocompact infinite cyclic subgroup; (v) G has an open subgroup of index ≤ 2 with a continuous with compact kernel onto Z or R; (vi) G admits a continuous proper cocompact isometric action on the real line; (vii) G has a (necessarily unique) compact open normal subgroup W such that G/W is isomorphic to one of the 4 following groups: Z, Isom(Z), R, Isom(R).

Proof. The implications (vii)⇒(vi)⇒(v)⇒(iv)⇒(iii)⇒(ii)⇒(i) are clear. Assume (i)
4.E. Accessibility of locally compact groups. It is natural to wonder whether the process of applying iteratively Theorem 4.D.1 stops. This motivates the following definition.
Definition 4.E.1. A CGLC-group G is accessible if it has a continuous proper transitive isometric action on the real line, or satisfies one of the following two equivalent conditions (i) either G admits a continuous cocompact action on a locally finite tree T with (at most 1)-ended vertex stabilizers and compact edge stabilizers; (ii) G is topologically isomorphic to the Bass-Serre fundamental group of a finite graph of groups, with compact edge stabilizers with open inclusions and (at most 1)-ended vertex groups.
The equivalence between the two definitions is Bass-Serre theory. For either definition, trivial examples of accessible CGLC groups are (at most 1)-ended groups. Also, by Theorem 4.D.1, 2-ended CGLC groups are accessible, partly using the artefact of the definition. A non-accessible finitely generated group was constructed by Dunwoody in [Du93] , disproving a long-standing conjecture of Wall.
4.F. Metric accessibility vs group accessibility.
The metric notion of accessibility, which unlike in this paper was introduced after group accessibility, allowed Thomassen and Woess, using the Dicks-Dunwoody machinery [DD89] , to have a purely geometric characterization of group accessibility (as defined in Theorem 4.A.1). The following theorem is the natural extension of their method to the locally compact setting, due to Krön and Möller [KM08, Theorem 15].
Theorem 4.F.1. Let X be a bounded valency connected graph and G a locally compact group acting continuously, properly cocompactly on X by graph automorphisms. Then the following are equivalent (i) G is accessible (as defined in Definition 4.E.1) (ii) X is accessible (iii) X is diameter-accessible.
On the proof. The statement in [KM08] is the equivalence between (i) and (ii) when G is totally disconnected. But actually the easy implication (i)⇒(ii) yields (i)⇒(iii)
without change in the proof, as they check that X is quasi-isometric to a bounded valency graph with a cocompact action, with a G-equivariant family of "cuts", which are finite sets, with finitely many G-orbits of cuts, so that any two distinct ends are separated by one cut. Finally (iii)⇒(ii) is trivial for an arbitrary bounded valency graph.
4.G. Proof of Theorem 4.A.1.
End of the proof. It remains to show the main implication of Theorem 4.A.1, namely that (ii) implies (iv). Let G be a CGLC-group quasi-isometric to a tree T . We begin by the claim that G has no 1-ended closed subgroup. Indeed, if H were such a group, then being non-compact H admits a bi-infinite geodesic, and using the quasi-isometry to T we see that this geodesic has 2 distinct ends in G. Then these two ends are distinct in H, a contradiction. Let us now prove (iv). We first begin by three easy cases • G is compact. There is nothing to prove.
• G is 1-ended. This has just been ruled out.
• G is 2-ended. In this case Corollary 4.D.2 gives the result. So assume that G has at least 3 ends. By Lemma 4.B.1, G 0 is compact, so by Proposition 2.D.1, it admits a continuous proper cocompact isometric action on a connected finite valency graph X. Since X is quasi-isometric to a tree, it is diameteraccessible. By Theorem 4.F.1, we deduce that G is accessible. This means that it is isomorphic to the Bass-Serre fundamental group of a graph of groups with (at most 1)-ended vertex groups and compact open edge groups. As we have just shown that G has no closed 1-ended subgroup, it follows that vertex groups are compact. So (iv) holds.
4.H. Cobounded actions.
There is a statement implying Theorem 4.A.1, essentially due to Mosher, Sageev and Whyte, that concerns cobounded actions with no properness assumption. In a tree, say that a vertex is an essential branching vertex if its complement in the 1-skeleton has at least 3 unbounded components. Say that a tree is bushy if the set of essential branching vertices is cobounded. We here identify any tree to its 1-skeleton.
Theorem 4.H.1. Let G be a locally compact group. Consider a locally bounded, isometric, cobounded action of G on a metric space Y quasi-isometric to a bushy tree T of bounded valency. Then there exists a tree T of bounded valency with a continuous isometric action of G and an equivariant quasi-isometry T → T .
Remark 4.H.2. It is not hard to check that a bounded valency non-bushy tree T quasi-isometric to a metric space with a cobounded isometry group, is either bounded or contains a cobounded bi-infinite geodesic.
Remark 4.H.3. Theorem 4.H.1 is not true when T is a linear tree (the Cayley graph of (Z, {±1})). Indeed, taking G to be R acting on R (which is quasi-isometric to T ), there is no isometric cobounded action on any tree quasi-isometric to Z. Indeed this action would preserve a unique axis, while there is no nontrivial homomorphism from R to Isom(Z). In this case, we can repair the issue by allowing actions on Rtrees. But here is a second more dramatic counterexample: the universal covering G = SL 2 (R) (endowed with either the discrete or Lie topology) admits a locally bounded isometric action on the Cayley graph of (R, [−1, 1]) (see [CCMT, Example 3 .12], but admits no isometric cobounded action on any R-tree quasi-isometric to Z, because by the same argument, this action would preserve an axis, while there is no nontrivial homomorphism SL 2 (R) → Isom(R).
On the proof of Theorem 4.H.1. The statement of [MSW03, Theorem 1] is in terms of quasi-actions, see the conventions in §3.B. It reads: Let G be a discrete group. Suppose that G has a ULSL quasi-action on a bushy tree T of bounded valency. Then there exists a tree T of bounded valency with a continuous isometric action of G and a quasi-equivariant quasi-isometry T → T .
By Lemma 3.B.3, it can be translated as: (*) Let G be a discrete group.
Consider a locally bounded, isometric, cobounded action of G on a metric space Y quasiisometric to a bushy tree T of bounded valency. Then there exists a tree T of bounded valency with an isometric action of G and a quasi-equivariant quasi-isometry T → T .
To get the statement of Theorem 4.H.1, apply (*) to the underlying discrete group; the action on T we obtain is then locally bounded. Since T has at least 3 ends, the only isometry with bounded displacement is the identity, so we deduce by Proposition 3.B.2 that the action on T is continuous.
Let us now sketch the proof of (*) (which is the discrete case of Theorem 4.H.1), as the authors of [MSW03] did not seem to be aware of the Thomassen-Woess approach and repeat a large part of the argument.
Start from the hypotheses of (*). A trivial observation is that we can suppose Y to be a connected graph. Namely, using that T is geodesic, there exists r such that if we endow Y with a graph structure by joining points at distance ≤ r by an edge, then the graph is connected and the graph metric and the original metric on Y are quasi-isometric through the identity. The difficulty is that Y need not be of finite valency and in general.
The construction of an isometric action of G on a connected finite valency graph Z quasi-isometrically quasi-conjugate to the original quasi-action is done in [MSW03, §3.4 ] (this is the part where it is used that the tree is bushy). It is given by a homomorphism G → Isom(X). By Theorem 4.A.1, Isom(X) has a continuous proper cocompact action on a tree T . Note that the actions of Isom(X) on both X and T are quasi-isometrically conjugate to the left action of Isom(X) on itself, so there exists a quasi-isometry X → T which is quasi-equivariant with respect to the Isom(X)-action, and therefore is quasi-equivariant with respect to the G-action. Finally, to get equivariance instead of quasi-equivariance, we use the same argument (based on the center lemma, which holds in T ) as in the proof of Theorem 3.B.1. 
Lemma 4.I.2. Let T be a tree with a cocompact action of its isometry group. Then it admits a unique minimal cobounded subtree T (we agree that ∅ ⊂ T is cobounded if T is bounded). Moreover, T = T if and only if T has no vertex of degree 1.
Proof. First observe that any axis is contained in every cobounded subtree: indeed, any point of an axis cuts the tree into two unbounded components. Now let T be the union of all axes in T ; a straightforward arguments shows that T is a subtree. Let us show that T is cobounded. If T is bounded then T = ∅ and is cobounded by convention. So let us assume that T is unbounded; then it is enough to show that T = ∅, because then the distance to T is invariant by the isometry group, so takes a finite number of values by cocompactness. To show that T = ∅, it is enough to show that Isom(T ) has a hyperbolic element: otherwise the action of Isom(T ) would be horocyclic and thus would preserve the horocycles with respect to some point at infinity, which would prevent cocompactness of the action of Isom(T ). The last statement is clear.
If p, q ≥ 2 are numbers and m ≥ 1, define a tree T p,q,m as follows: start from the (p, q)-regular tree and replace each edge by a segment made out of m consecutive edges. Note that if p, q ≥ 3, the unordered pair {p, q} is uniquely determined by the isomorphy type of T p,q,m .
Lemma 4.I.3. Let p, q be primes and let C p * C q act minimally properly on a nonempty tree T with no inversion. Then T is isomorphic to T p,q,m for some m ≥ 1.
Proof. This gives C n * C m as Bass-Serre fundamental group of a finite graph of groups (Γ v , Γ e ) v,e . This finite graph X is a finite tree, because Hom(C n * C m , Z) = 0. Let v be a degree 1 vertex of this finite tree, and let e be the oriented edge towards v. Then the embedding of Γ v into Γ e is not an isomorphism, because otherwise the action on the tree would not be minimal (v corresponding to a degree one vertex in the Bass-Serre universal covering).
Since vertex stabilizers are at most finite of prime order, this shows that such edges are labeled by the trivial group. This gives a free decomposition of the group in as many factors as degree 1 vertices in X. So X has at most 2 degree 1 vertices and thus is a segment, and then shows that other vertices are labeled by the trivial group. If the number of vertices is m + 1, this shows that T is isomorphic to T p,q,m .
Proof of Corollary 4.I.1. Note these groups have no nontrivial normal subgroup, so the second statement is a consequence of the first by considering the isometry group of the space.
Suppose they are cocompact lattices in a single locally compact group G. Then G is compactly generated and quasi-isometric to a tree, so by Theorem 4.A.1 acts properly cocompactly, with no inversion and minimally on a finite valency tree T . By Lemma 4.I.2, the action of C p i * C q i is minimal for i = 1, 2. By Lemma 4.I.3, the tree is isomorphic to T p i ,q i ,m i for i = 1, 2, which implies {p 1 , q 1 } = {p 2 , q 2 }, a contradiction. 
Sketch of proof. Trivially (v)⇒(iv)⇒(iii) and (ii)⇒(i). (iii)⇒(ii)
. Let A be a connected bounded closed subset of X such that the Gtranslates of A cover X. Then if S = {g ∈ G | gA ∩ A = ∅}, then S is compact by properness, and by [Ko65, Lemma p. 26], G is generated by S and relators of length ≤ 3. So (ii) holds.
(i)⇒(iv). Let S be a compact symmetric generating subset with relators of bounded length; enlarging S if necessary, we can suppose that S contains a compact open subgroup K and that S = KSK. The Cayley-Abels graph (Proposition 2.D.1) is a graph with vertex set G/K and an un-oriented edge from gK to g K if g −1 g ∈ S K. This is a G-invariant locally finite connected graph structure on G/K. Define a simplicial 2-complex structure by adding a triangle every time its 2-skeleton appears. Define a simplicial 2-complex structure on the Cayley graph of G with respect to S in the same way. Then the projection G → G/K has a unique extension between the 2-skeleta, affine in each simplex (possibly collapsing a simplex onto a simplex of smaller dimension). The Cayley 2-complex of G is simply connected, because the relators of length ≤ 3 define the group.
It remains to check that the simplicial 2-complex on G/K is simply connected. Indeed, given a loop based at 1, we can homotope it to a combinatorial loop on the 1-skeleton. We can lift such a loop to a combinatorial path (1 = g 0 , g 1 , . . . , g k ) on G and ending at the inverse image of 1, namely K. If k = 0 there is nothing to do, otherwise observe that g k−1 ∈ KS ⊂ S. So we can replace g k by 1, thus the new lifted path is a loop. This loop has a combinatorial homotopy to the trivial loop, which can be pushed forward to a combinatorial homotopy of the loop on G/K. So the simplicial 2-complex on G/K is simply connected. Thus (iv) holds.
Let us now indicate how this construction can be adapted to yield (i)⇒(v). We start with the same construction, but using oriented edges (without self-loops), and then we add, each time we have 3 oriented edges (e 1 , e 2 , e 3 ) forming a triangle with 3 distinct vertices (with compatible orientations, i.e. the target of e 1 is the source of e 2 , etc.), we add a triangle. Because of the double edges, this is not yet simply connected; so for any two adjacent vertices x, y we glue two bigons indexed by (x, y) and (y, x) (note that the union of these 2 bigons is homeomorphic to a 2-sphere). The resulting complex is simply connected. Then the action of G has the required property. The problem is that because of bigons, we do not have a simplicial complex. To solve this, we just add vertices at the middle of all edges and all bigons, split the bigons into 4 triangles by joining the center to all 4 vertices (thus pairs of opposite bigons now form the 2-skeleton of a octahedron), and split the original triangles into 4 triangles by joining the middle of the edges. We obtain a simplicial 2-complex; the cost is that we have several vertex orbits, but then G/K is the "main orbit" in the sense of the proposition. Proof. Suppose (i). We can suppose G 0 = {1}.
Consider an action α ofG as in (v). Set W = N ∩ Ker(α). Then the action of N/W on X is free: indeed, if an element of N fixes a point, then it fixes a vertex in the main orbit and hence fixes all vertices in the main orbit, hence acts as the identity.
So G =G/N acts continuously properly cocompactly on N \X, which is a simplicial 2-complex as N/W acts freely on X. Now we have, fixing an implicit base-point in X (4.1)
Since π 1 (N \X) N/W , we deduce that H 1 (X, A) = 0. Conversely suppose (ii), denote by α the action of G on X. Fixing a base-vertex in X, letX be the universal covering. Let H be the group of automorphisms ofX that induce an element of α(G). It is a closed subgroup and is cocompact onX; its projection ρ to α(G) is surjective. Let
be the fibre product of G and H over α(G). Then it contains K × {1} as a compact normal subgroup, and the quotient is canonically isomorphic to H. The kernel of the projectionG → G is equal to {1} × Ker(ρ), which is discrete and consists of deck transformations of the coveringX → X and is in particular isomorphic to π 1 (X). Again using (4.1), we obtain that Hom(N, A) = {0}. 
Towards a quasi-isometric classification of amenable hyperbolic groups
We here address the problem of QI-classification and rigidity of amenable hyperbolic LC-groups. One part is the internal classification: determine QI-classes among amenable hyperbolic LC-groups, it is addressed in §5.A. The external part, addressed in §5.B, can be asked in two (essentially) equivalent but intuitively different ways:
• Which amenable hyperbolic LC-groups are QI to a hyperbolic LC-group of general type? • Which hyperbolic LC-group of general type are QI to an amenable hyperbolic LC-group? Although the internal and external classification are distinct problems, there are methods that provide results in both questions, which consist in describing the selfquasi-isometries of homogeneous negatively curved Riemannian manifolds. Proof. They correspond to k = 1, d = 1, and min(k, d) ≥ 2. We also directly see the corollary observing they correspond to the discussion whether the boundary is a sphere, a Cantor set or none. The fact that dim(X) is determined by the QI class of X[k] can be improved, using the quasi-symmetric structure on the boundary. ) is quasi-symmetrically homeomorphic to ∂X (resp. ∂X ). Accordingly, ∂X and ∂X are quasi-symmetrically homeomorphic. Using [BS07, Corollary 7.2.3], we deduce that X and X are quasi-isometric (by a quasi-isometry inducing the previous quasi-symmetric homeomorphism, which in particular is distinguished-point-preserving).
Note that Theorem 5.A.4 is a tautology (and thus provides no information) when
We can obtain further results using computations of L p -cohomology carried out in [CT11] (inspired by Pansu's computations for Lie groups). For every real p ≥ 1 and any bounded geometry metric space Y , we can define a space H 
Proof. This is a particular case of [CT11, Theorem 7] , which itself builds on Pansu's estimates for Lie groups [Pa07] . (which multiplies the curvature by κ), the Riemannian distance is multiplied by κ −1/2 and the Busemann function (normalized to vanish at a given base-point) is also multiplied by κ −1/2 ; we need to modify the action of R on N to obtain that the element 1 ∈ R shifts the Busemann function by 1, namely by precomposing the action by the homothety t → κ 1/2 t. This replaces (δ N , λ) by (δ
, which varies injectively with κ provided k ≥ 2 is fixed.
Also, making X vary so that log(δ N )/ log(λ) varies, we can obtain a continuum of pairwise non-quasi-isometric X[k] with fixed d ≥ 3, k ≥ 1.
Let us end by a question, which is a particular case of Question 5.A.1, but seems to be the main case to understand beyond the case of manifolds.
Question 5.A.7. Let X be a a homogeneous negatively curved Riemannian manifolds of dimension ≥ 2. Let k 1 , k 2 ≥ 2 be integers and κ 1 , κ 2 be positive real numbers. When are
By Proposition 5.A.5 and the computation of p 0 in the proof of Corollary 5.A.6, a necessary condition is that log(k 1 )/ √ κ 1 = log(k 2 )/ √ κ 2 , or equivalently k
. It is not hard to check that this condition is sufficient when k 1 and k 2 have a common integral power, i.e. when ρ 1 /ρ 2 is rational. On the other hand, I do not know, assuming that log(2)/ √ κ 1 = log(3)/ √ κ 2 , whether H In other words, the conjecture states that two purely real Heintze groups are quasiisometric if and only if they are isomorphic. The formulation of the conjecture is convenient because it makes sense to assert that it holds for a given H.
Let us first mention the following evidence for Conjecture 5.A.8. One part of the conjecture is established: if G admits such an action, it is both quasi-isometric to Isom(X), which is non-amenable and to the stabilizer Isom(X) ω of a boundary point, which is amenable. We begin by an easy observation. Let us call pure millefeuille space a millefeuille space X[k] such that min(dim(X), k) ≥ 2, i.e. that is neither a manifold nor a tree. Proof. If G is focal, its boundary is a sphere, it is of connected type.
Otherwise G is of general type. By Theorem 3.A.1, H is not quasi-isometric to a rank 1 symmetric space of non-compact type and therefore G is compact-by-(totally disconnected). In particular, H is quasi-isometric to a vertex-transitive connected finite valency graph, and this is a contradiction in case Conjecture 5.B.5 holds.
Using a number of results reviewed above, we can relate the two conjectures. Proof. Assume Conjecture 5.B.1 holds. To prove Conjecture 5.B.5, we need to show that for every purely real Heintze group H of dimension ≥ 2 quasi-isometric to a connected vertex-transitive finite valency graph X, the group H is a closed cocompact subgroup of isometries of a rank one symmetric space. The hypothesis implies that H is quasi-isometric to the totally disconnected group Isom(X). By Lemma 2.A.1, Isom(X) is either focal of totally disconnected type or of general type. The focal case is excluded by Corollary 5.A.3. So Isom(X) is of general type and we are in position to apply Conjecture 5.B.1. Since we just checked that H is not quasi-isometric to a tree, Conjecture 5.B.1 implies that H has a continuous proper cocompact action on a rank 1 symmetric space of noncompact type.
Conversely assume Conjecture 5.B.5 holds. Let G, H be quasi-isometric hyperbolic LC-groups, with G of general type and H focal. By Theorem 2.C.4, H acts continuously, properly cocompactly on a millefeuille space X [k] . By Proposition 5.B.3, min(dim(X), k) ≤ 1. If dim(X) = 1, so that X[k] is a regular tree, then by Theorem 4.A.1, G also has a continuous, proper cocompact action on a regular tree.
Otherwise, k = 1 and dim(X) ≥ 2, so X = X[1] is a homogeneous negatively curved manifold. By Lemma 2.E.2, X is quasi-isometric to some purely real Heintze group H 1 . If H 1 is a minimal parabolic in the group of isometries of a rank 1 symmetric space X, then Theorem 3.A.1 implies that both G and H have continuous proper cocompact isometric actions on X. Otherwise, we apply Lemma 5.B.6 (in its stronger conclusion, since Conjecture 5.B.5 holds by assumption), so Lemma 5.B.6 implies that every LC-group quasi-isometric to H 1 is focal, which is a contradiction for G. The justification of the name is that the boundary ∂H naturally comes with a distinguished point; topologically this point is actually not detectable since the sphere is topologically homogeneous, but the quasi-symmetric structure ought to distinguish this point, at the notable exception of the cases for which it is known not to do so.
In turn, the pointed sphere Conjecture implies Conjecture 5.B.5. In case N is abelian, the assumption is that the contracting action of R is not scalar (in order to exclude minimal parabolic subgroups in PO(n, 1) = Isom(H n R )). Theorem 5.B.12 (X. Xie [Xi09b] So the only open case of the pointed sphere Conjecture for dim(H) = 4 is the one for which the action on (Hei 3 ) ab has is not diagonalizable but has scalar diagonal part.
Note that if we specify the pointed sphere to purely real Heintze groups of Carnot type Carn(N ), none of the previous results is applicable. Note that if N is abelian or is a generalized (2n + 1)-dimensional Heisenberg group Hei 2n+1 (characterized by the fact its 1-dimensional center equals its derived subgroup), then Carn(N ) is minimal parabolic. Therefore, the first test-cases would be when N is a nonabelian 4-dimensional simply connected nilpotent Lie group: there are 2 such Lie groups up to isomorphism: the direct product Hei 3 × R and the filiform Lie algebra (R[x]/x 3 ) R where t ∈ R acts by multiplication by (1 + x) t = 1 + tx + t(t−1) 2 x 2 .
5.C. Applications of the conjectures to quasi-isometric classification.
The QI classification can be addressed as follows: given a CGLC-group H, describe the class Q(H) of CGLC-groups H quasi-isometric to H (Corollaries 3.A.2 and 3.A.3 are typical applications of a complete answer to such a question, which do not follow from a partial answer such as the description of finitely generated groups in the class Q(H). Let us focus to the case of amenable hyperbolic LC-groups. When H = {1} the trivial answer is: Q({1}) is the class of compact groups. When H = R, Corollary 4.D.2 provides various descriptions of the class Q(R). More generally, using Losert's polynomial growth theorem [Lo87] and H.C. Wang's embedding theorem [Wa56] , one can describe Q(R n ) for arbitrary n as the class of locally compact group admitting a continuous proper cocompact isometric action on R n . If a purely real Heintze group H is minimal parabolic in a simple Lie group of rank 1, then the class Q(H) is described by Theorem 3.A.1 as the class of locally compact groups admitting a continuous, proper and cocompact action on the corresponding symmetric space. Proof. The "if" part is clear; conversely suppose that G is quasi-isometric to H.
If dim(H) = 1, resp. if H is isomorphic to a minimal parabolic in a simple Lie group of rank 1, then the conclusion follows from Corollary 4.D.2, resp. Theorem 3.A.1. Otherwise, using Conjecture 5.B.5, by Lemma 5.B.6, G is focal of connected type. Therefore G admits a continuous, proper cocompact isometric action on a homogeneous simply connected negatively curved Riemannian manifold X; by Lemma 2.E.2, we can assume that X also admits a continuous, simply transitive action of a purely real Heintze group H 1 . So H 1 is quasi-isometric to H and thus by Conjecture 5.A.8, H 1 is isomorphic to H, finishing the proof.
5.D.
Further aspects of the QI classification of hyperbolic LC-groups. This final subsection is much smaller than it should be. It turns around the general question: how is the structure of a hyperbolic LC-group of general type related to the topological structure of its boundary?
The following theorem is closely related, in the methods, to the QI classification of groups quasi-isometric to the hyperbolic plane. It should be attributed to the same authors, namely Tukia, Gabai, and Casson-Jungreis, to which we need to add Hinkkanen in the non-discrete case. Assume now that G is not compact-by-discrete. Consider the action α : G → Homeo(∂G) on its boundary by quasi-symmetric homeomorphisms. Endow Homeo(∂G) with the compact-open topology, which (for some choice of metric on ∂G) is the topology of uniform convergence; the function α is continuous. Since G is nonelementary hyperbolic, the kernel of α is compact, and therefore by assumption the image α(G) is non-discrete. We can then apply Hinkkanen's theorem about nondiscrete groups of quasi-symmetric homeomorphisms [Hi90] : after fixing a homeomorphism identifying ∂G with the projective line, α(G) is contained in a conjugate of PGL 2 (R). Thus after conjugating, we can view α as a continuous homomorphism with compact kernel from G to PGL 2 (R). It follows that H = G/ Ker(α) is a Lie group. Since G is not compact-by-discrete, we deduce that the identity component H
• is non-compact. If H is focal, then it acts continuously properly isometrically cocompactly on a millefeuille space X [k] ; the boundary condition implies that k = 1 (so X[k] = X) and X is 2-dimensional, hence is the hyperbolic plane. Otherwise H is of general type, and since H
• is non-compact we deduce that H is a virtually connected Lie group; being of general type it is not amenable, hence not solvable and we deduce that the image of H in PGL 2 (R) has index at most 2. Thus in all cases G admits a continuous proper cocompact isometric action on the hyperbolic plane. Proof. Suppose Conjecture 5.B.1 holds. Let G be as in Conjecture 5.D.2; its boundary is therefore a sphere. If G is focal, then it is compact-by-Lie by Proposition 2.E.1. Otherwise it is of general type. Since Isom(X) contains a cocompact solvable group by [He74, Proposition 1], we deduce from Conjecture 5.B.1 that G has a continuous proper isometric action on a symmetric space, which implies that it is compact-by-Lie.
It is a general fact that if the boundary of a non-focal hyperbolic LC-group contains an open subset homeomorphic to R n for some n ≥ 0, then the boundary is homeomorphic to the n-sphere: see [KB02, Theorem 4.4] (which deals with the case of finitely generated groups and n ≥ 2 but the proof works without change in this more general setting). Interestingly, in the Losert characterization of CGLC-groups with polynomial growth [Lo87] , the most original part of the proof precisely consists in showing that such a group is compact-by-Lie.
